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E X T E R N A L  ELLIPTICAL C R A C K  IN ELASTIC SOLID '  
b y  
3 M .  K .  K a s s i r '  and G. C .  S i h  
A B S T R A C T  
P o t e n t i a l  f u n c t i o n s  a r e  d e v e l o p e d  f o r  b o t h  s y m m e t r i c  a n d  
a n t i s y m m e t r i c  t h r e e - d i m e n s i o n a l  p r o b l e m s  o f  an  i n f i n i t e  e l a s t i c  
s o l i d  c o n t a i n i n g  a f l a t  c r a c k  c o v e r i n g  t h e  o u t s i d e  o f  an e l -  
l i p s e .  The k n o w l e d g e  o f  t h e s e  f u n c t i o n s  p e r m i t s  an  e x a m i n a t i o n  
o f  t h e  s t r e s s  and d i s p l a c e m e n t  f i e l d s  e v e r y w h e r e  i n  t h e  c r a c k e d  
s o l i d  as  w e l l  as i n  a t o r o i d a l  r e g i o n  a r o u n d  t h e  c r a c k  b o r d e r .  
S t r e s s - i n t e n s i t y  f a c t o r s  k ( j = 1 , 2 , 3 )  c o r r e s p o n d i n g  t o  t h e  t h r e e  
b a s i c  modes o f  f r a c t u r e  a r e  o b t a i n e d .  The r e s u l t s  o f  t h i s  p a p e r ,  
c o u p l e d  w i t h  t h o s e  f o u n d  p r e v i o u s l y  b y  t h e  a u t h o r s  f o r  t h e  p r o b -  
l e m  o f  i n t e r n a l  e l l i p t i c a l  c r a c k ,  a r e  e s s e n t i a l  i n  m a k i n g  a p p r o x -  
i m a t e  e s t i m a t e s  o f  k - v a l u e s  f o r  s o l i d s  w i t h  a r b i t r a r i l y - s h a p e d  
p l a n a r  c r a c k s .  
j 
j 
' T h e  w o r k  r e p o r t e d  h e r e i n  was s u p p o r t e d  b y  t h e  N a t i o n a l  A e r o -  
n a u t i c s  and  Space A d m i n i s t r a t i o n  u n d e r  G r a n t  NGR-39-007-025 w i t h  
L e h i g h  U n i v e r s i t y .  
' L e c t u r e r ,  D e p a r t m e n t  o f  C i v i l  E n g i n e e r i n g ,  The C i t y  C o l l e g e ,  
New Y o r k ,  New Y o r k .  
3 P r o f e s s o r  o f  M e c h a n i c s ,  L e h i g h  U n i v e r s i t y ,  B e t h l e h e m ,  P e n n s y l -  
v a n i a .  
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INTRODUCTION 
1 .  
I n  t h e  e x a m i n a t i o n  o f  f r a c t u r e  f a i l u r e s  o f  s o l i d s  w e a k e n e d  
b y  p l a n a r  c r a c k s ,  i t  i s  u n l i k e l y  t h a t  t h e  c o n f i g u r a t i o n  o f  t h e  
i n i t i a l  s t a r t i n g  c r a c k  w o u l d  be an  e l l i p s e  o r  a n y  o t h e r  i d e a l -  
i z e d  s h a p e  c o n f o r m i n g  t o  t h e  e x i s t i n g  c u r v i l i n e a r  c o o r d i n a t e  
s y s t e m s .  S i n c e  t h e  m a t h e m a t i c a l  p r o b l e m  o f  c r a c k s  i n  t h r e e -  
d i m e n s i o n s  i n v o l v i n g  c o m p l i c a t e d  c r a c k  g e o m e t r y  p r o h i b i t s  a n y  
a n a l y t i c a l  s o l u t i o n ,  i t  i s  u s e f u l  t o  s o l v e  some r e l a t i v e l y  
s i m p l e ,  b u t  b a s i c ,  c o m p o n e n t  c r a c k  p r o b l e m s  whose s o l u t i o n s  
may p r o v i d e  r o u g h  e s t i m a t e s  o f  t h e  f r a c t u r e  b e h a v i o r  o f  i r r e g -  
u l a r l y - s h a p e d  c r a c k s .  The componen t  p r o b l e m s  may c o n s i s t  o f  
an  i n t e r n a l  a n d  e x t e r n a l  e l l i p t i c a l  c r a c k  embedded i n  t h e  s o l i d .  
By v a r y i n g  t h e  e l l i p t i c i t y  o f  t h e  i n t e r n a l  a n d  e x t e r n a l  c r a c k ,  
i t  i s  p o s s i b l e  t o  a p p r o x i m a t e  t h e  p e r i p h e r y 4  o f  a n  a r b i t r a r i l y -  
s h a p e d  c r a c k  b y  j o i n i n g  a s e q u e n c e  o f  s e g m e n t s  o f  t h e  e l l i p t i c a l  
b o u n d a r y .  
G r e e n  a n d  Sneddon  [lI5 h a v e  d i s c u s s e d  t h e  s y m m e t r i c  p r o b l e m  
o f  t h e  i n t e r n a l  e l l i p t i c a l  c r a c k  w h i l e  K a s s i r  a n d  S i h  [ 2 ]  h a v e  
s o l v e d  t h e  a n t i s y m m e t r i c  p r o b l e m  d e a l i n g  w i t h  t h e  same g e o m e t r y .  
I n  t h i s  p a p e r ,  e x a c t  s o l u t i o n s  t o  t h e  p r o b l e m  o f  t w o  h a l f - s p a c e s  
c o n n e c t e d  t h r o u g h  an  e l l i p t i c a l l y - s h a p e d  r e g i o n  a r e  g i v e n .  The  
t w o  h a l f - s p a c e s  a r e  e i t h e r  p u l l e d  a p a r t  s y m m e t r i c a l l y  o r  s h e a r e d  
4 1 t  i s  assumed  t h a t  t h e  p e r i p h e r y  o f  t h e  c r a c k  i s  s u f f i c i e n t l y  
s m o o t h  a n d  c o n t a i n s  n o  s h a r p  e d g e s .  
'Numbers i n  b r a c k e t s  d e s i g n a t e  r e f e r e n c e s  a t  e n d  o f  p a p e r .  
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a p a r t  a n t i s y m m e t r i c a l l y  w i t h  r e s p e c t  t o  t h e  c r a c k  p l a n e .  W i t h  
t h e  h e l p  o f  t h e  l i m i t i n g  f o r m s  o f  e l l i p s o i d a l  t o  p o l a r  c o o r d i -  
n a t e s  d e f i n e d  l o c a l l y  f r o m  t h e  c r a c k  b o r d e r  a s  e s t a b l i s h e d  b y  
K a s s i r  a n d  S i h  [ Z ] ,  s t r e s s - i n t e n s i t y  f a c t o r s  a r e  c a l c u l a t e d  
a n d  t h e  r e s u l t s  a r e  p r e s e n t e d  g r a p h i c a l l y .  
STATEMENT OF THE PROBLEM 
I n  t h e  f o r m u l a t i o n  o f  b o u n d a r y  p r o b l e m s  o f  e l l i p t i c  c r a c k ,  
i t  i s  e x p e d i e n t  t o  u s e  e l l i p s o i d a l  c o o r d i n a t e s  ( < , Q , < )  w h i c h  
a r e  d e f i n e d  a s  t h e  r o o t s  o f  t h e  e q u a t i o n  i n  s as  
The  r e s t r i c t i o n s  p l a c e d  o n  5 ,  Q ,  5 a r e  
R e f e r r i n g  t o  t h e  w o r k  o f  K a s s i r  a n d  S i h  [ Z - 4 1 ,  t h e y  h a v e  p o i n t e d  
o u t  t h a t  a w i d e  v a r i e t y  o f - t h r e e - d i m e n s i o n a l  p r o b l e m s  i n v o l v i n g  
d i s c o n t i n u i t y  i n  t h e  s h a p e  o f  a n  e l l i p s e  c a n  b e  s o l v e d  b y  m a k i n g  
u s e  o f  p o t e n t i a l s  ( s a t i s f y i n g  t h e  L a p l a c e  e q u a t i o n  i n  t h e  v a r i -  
a b l e s  x ,  y ,  z )  i n  t h e  f o r m  
w h e r e  
a n d  Q(s) = s ( s + a 2 ) ( s + b 2 ) .  W i t h o u t  e x c e p t i o n ,  h a r m o n i c  f u n c t i o n s  
-3- 
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. 
I. o f  t h e  t y p e  shown in  equa t ion  ( 1 )  w i l l  a l s o  be employed i n  t h e  
I 
p r e s e n t  t r e a t m e n t .  I n  e l a s t o s t a t i c s ,  t h e s e  f u n c t i o n s  a r e  a s s o -  
c i a t e d  wi th  t h e  components u x ,  u y ,  u z  o f  t h e  d i s p l a c e m e n t  v e c t o r  
I 
u such t h a t  u s a t i s f i e s  t h e  Navier e q u a t i o n  - - 
0 v . u  = 0 v 2 u  + - 
I 1 - 2 v  
1 
Here ,  v i s  P o i s s o n ' s  r a t i o  a n d  the  body f o r c e s  a r e  assumed t o  
be a b s e n t .  
I By a n  " e x t e r n a l  e l l i p t i c a l  c r a c k " ,  i t  i s  meant t h e  union  of  
1 t w o  h a l f - s p a c e s  a c r o s s  a p l a n e  i n  t h e  shape of a n  e l l i p s e .  Le t  
I t h i s  p l a n e  r eg ion  c ( x 2 / a 2  + y 2 / b 2  = 1 ,  z = 0 )  be l o c a t e d  i n  
I 
I 
t h e  xy -p lane  so  t h a t  t h e  z - a x i s  i s  d i r e c t e d  normal ly  t o  c and 
t h e  o r i g i n  of t h e  C a r t e s i a n  c o o r d i n a t e  system c o i n c i d e s  w i t h  
t h e  c e n t e r  o f  t h e  e l l i p s e .  In t e rms  of e l l i p s o i d a l  c o o r d i n a t e s ,  
t h e  p o i n t  ( x , y , o )  i n s i d e  and o u t s i d e  t h e  r e g i o n  c can be i d e n -  
t i f i e d  by 5 = 0 a n d  11 = 0 ,  r e s p e c t i v e l y .  T h i s  problem w i l l  be 
s p l i t  i n t o  two p a r t s ;  one symmetric a n d  t h e  o t h e r  a n t i s y m m e t r i c  
' w i t h  r e s p e c t  t o  t h e  p l a n e  z = 0 .  In each c a s e ,  t h e  problem r e -  
duces  t o  one of s e l e c t i n g  t h e  a p p r o p r i a t e  harmonic p o t e n t i a l s  
t h a t  s a t i s f y  t h e  p r e s c r i b e d  boundary c o n d i t i o n s .  
SYMMETRIC P R O B L E M  
When t h e  s t r e s s  d i s t r i b u t i o n  i s  symmetr ic  w i th  r e s p e c t  t o  
t h e  p l a n e  z = 0 ,  t h e  e q u i l i b r i u m  of t h e  c racked  s o l i d  can be 
c o n s i d e r e d  under  t h e  fo l lowing  c o n d i t i o n s  
- 4 -  
. 
= o , < = o  
Z Y  
u = u z x  = c r  
Z 
= a  = a  = O , q = O  x z  Y Y  z z  cr 
(3) 
The r e s u l t a n t  n o r m a l  f o r c e 6  a c t i n g  on  t h e  e l l i p t i c a l  r e g i o n  c 
i s  d e s i g n a t e d  b y  
p = J J bZZ) d x d y  
c 5=0 
(4) 
F o r  t h i s  p r o b l e m ,  B o u s s i n e s q ' s  s o l u t i o n  o f  t h e  e l a s t i c  
e q u a t i o n s  o f  e q u i l i b r i u m ,  e q u a t i o n  (2), c a n  b e  e m p l o y e d .  T h a t  
i s  
a f  a 2 f  = ( 1 - 2 v )  - + z - 
u X  ax axaz  ' 
a 2 f  u = ( 1 - 2 v )  - a f + z = ,  
Y aY ( 5 )  
a f  a 2 f  u z  = - 2 ( 1 - v )  + z , 
i n  w h i c h  t h e  h a r m o n i c  p o t e n t i a l  f ( x , y , z )  s a t i s f i e s  t h e  L a p l a c e  
e q u a t i o n  
v 2 f ( x , y y z )  = 0 
T h e  r e l e v a n t  s t r e s s  components  c o r r e s p o n d i n g  t o  t h e  d i s p l a c e -  
m e n t s  i n  e q u a t i o n  ( 5 )  a r e  
~~ 
6 T h e  s p e c i f i c a t i o n  o f  u n i f o r m  s t r e s s  a t  i n f i n i t y  s h o u l d  be  
a v o i d e d  s i n c e  i t  l e a d s  t o  unbounded t e n s i l e  f o r c e  a c r o s s  t h e  
r e g i o n  c .  
- 5 -  
I 
w i t h  u b e i n g  t h e  s h e a r  m o d u l u s  o f  t h e  e l a s t i c  s o l i d .  On t h e  
p l a n e  z = 0,  i t  i s  o b v i o u s  t h a t  t h e  s h e a r  s t r e s s e s  o X z  a n d  
u v a n i s h  w h i l e  t h e  n o r m a l  s t r e s s  uZZ becomes 
Y Z  
As a s p e c i a l  c a s e  o f  e q u a t i o n  ( 1 )  w i t h  X[W(S)] = A ( c o n s t . ) ,  
l e t  a f / a z  b e  e q u a l  t o  
I n  e q u a t i o n  (8), u i s  a v a r i a b l e  r e l a t e d  t o  5 b y  t h e  r e l a t i o n  
a n d  h e n c e  i t  t a k e s  t h e  v a l u ' e  o f  K ( k )  a t  5 = 0 ,  w h e r e  K ( k )  i s  
t h e  c o m p l e t e  e l l i p t i c  i n t e g r a l  o f  t h e  f i r s t  k i n d  a s s o c i a t e d  
w i t h  t h e  a r g u m e n t  k 2  = 1 - ( b / a ) 2 .  I n  a d d i t i o n ,  s i n c e  
u v a n i s h e s  a u t o m a t i c a l l y  f o r  TI = 0 .  The o n l y  r e m a i n i n g  c o n -  
d i t i o n ,  u z  = 0 f o r  5 = 0, i n  e q u a t i o n  ( 3 )  c a n  b e  s a t i s f i e d  b y  
r e w r i t i n g  u z  i n  e q u a t i o n  ( 5 )  as 
z z  
a f  ds  a 2 f  
+ z a z 2  = - Z ( 1 - V )  -t 2 ( 1 - V )  A I -- - o m  u z  
- 6 -  
b 
The a d d i t i o n a l  term c o r r e s p o n d s  t o  a r i g i d  body d i s p l a c e m e n t  
a n d  w i l l  n o t  a f f e c t  t h e  s t a t e  o f  s t r e s s .  Now, i n s e r t i n g  equa-  
t i o n  ( 9 )  i n t o  ( 7 )  and t h e  r e s u l t  s u b s e q u e n t l y  i n t o  e q u a t i o n  
( 4 )  y i e l d  
= 8 . r r ~ A  p = -  dxdy 
41JA a b  I c I ( 1 - x 2 / a 2 - y 2 / b  2 ) 1 / 2  
a n d  t h u s  
The s o l u t i o n  i s  e s s e n t i a l l y  comple te .  Once a f / a z  i s  known, 
t h e  s t r e s s e s  and d i s p l a c e m e n t s  t h r o u g h o u t  t h e  e l a s t i c  s o l i d  
can be c a l c u l a t e d .  
ANTISYMMETRIC P R O B L E M  
Suppose t h a t  t h e  s t r e s s e s  i n  t h e  s o l i d  a r e  d i s t r i b u t e d  
a n t i s y m m e t r i c a l l y  w i t h  r e s p e c t  t o  t h e  p l a n e  z = 0 ,  t h e n  
u = u  = a  = o , c = o  
X Y z z  
= u  = o , q = o  
Y Z  z z  = u  * X Z  
In t h i s  c a s e ,  t h e  r e s u l t a n t  s h e a r  f o r c e s  t r a n s m i t t e d  a c r o s s  c 
i n  t h e  x -  a n d  y - d i r e c t i o n s  w i l l  be denoted  by 
A s o l u t i o n  of N a v i e r ' s  e q u a t i o n s  t h a t  g i v e s  z e r o  normal 
- 7 -  
b 
s t r e s s  0 e v e r y w h e r e  i n  t h e  p l a n e  z = 0 c a n  b e  w r i t t e n  i n  
t e r m s  o f  t w o  h a r m o n i c  p o t e n t i a l s :  
z z  
u = 2 x - Z v J % d z - ~ -  a, a G  a G
X az ax 
Z 
u = 2 - - 2 ~ $ - d z - z -  ah a G  a G  
Y az Z aY aY 
a G  
u Z  az = ( 1 - 2 ~ )  G - z - 
The f u n c t i o n  G ( x , y , z )  s t a n d s  f o r  
G = A + -  a ah 
ax ay 
i n  w h i c h  g ( x , y , z )  a n d  h ( x , y , z )  s a t i s f y  
V 2 g ( x , y , z )  = 0, v 2 h ( x , y , z )  = 0 
F rom t h e  s t r e s s - d i s p l a c e m e n t  r e l a t i o n s ,  i t  i s  f o u n d  t h a t  
a 2 G  a 2 h  a 2 G  u a 2 G  
( 1 4 )  z z  - - =  zazl k =  3 - z -  - -  
U x z  a 2 9  
211 s - z -  a x a z ’  211 a y a z ’  2u 
a n d  u c a n  b e  f o u n d  i n  t h e  
YY X Y  
T h e  s t r e s s  c o m p o n e n t s  u x x y  u 
same way. 
F i r s t ,  l e t  t h e  e l l i p t i c a l  c o n n e c t i o n  c b e  s h e a r e d  a l o n g  t h e  
m a j o r  a x i s  w i t h  R = 0 .  I n  such a c a s e ,  i t  i s  a p p r o p r i a t e  t o  s e t  
m 
! % ! = B $  ds  , h ( x , y , z )  = 0 
E r n  -8 -  
az 
4 
. 
f r o m  w h i c h  i t  c a n  b e  r e a d i l y  v e r i f i e d  t h a t  u x z  a n d  u 
o u t s i d e  t h e  r e g i o n  C a t  z = 0 .  A s  i n  t h e  s y m m e t r i c  p r o b l e m ,  
t h e  d i s p l a c e m e n t s  u x  a n d  u 
t h e  f o r m s  
v a n i s h  
Y Z  
i n  e q u a t i o n  ( 1 3 )  a r e  m o d i f i e d  i n t o  
Y 
m 
d s  - 2 v  7 9 d z  ax  = 2 2 - 2 B  I 0 4 - 7 3  Z u X  az 
m m 
u = - 2 v  1 d z  + 2v 1 ( a x a y  ) d z  - z a2g x a y  
Z 0 5=0 Y 
s u c h  t h a t  u x  = u 
( 1 4 )  r e m a i n  u n c h a n g e d .  H a v i n g  s a t i s f i e d  a l l  t h e  b o u n d a r y  c o n -  
d i t i o n s ,  t h e  c o n s t a n t  B i s  e v a l u a t e d  f r o m  e q u a t i o n  ( 1 2 )  w i t h  
(3 = 0 f o r  6 = 0.  The r e s u l t  i s  
= 0 f o r  5 = 0 ,  a n d  t h e  s t r e s s e s  i n  e q u a t i o n  
Y 
Y Z  
If t h e  a c t i o n  o f  s h e a r  i s  d i r e c t e d  a l o n g  t h e  m i n o r  a x i s  o f  
t h e  e l l i p s e  x 2 / a 2  + y 2 / b 2  = 1 ,  t h e n  Q = 0 i n  e q u a t i o n  ( 1 2 ) ,  a n d  
g ( x , y , z )  = 0,  az = c 7 
E m  
S i m i l a r l y ,  e x p r e s s i o n s  p e r t a i n i n g  t o  r i g i d  b o d y  m o t i o n s  may 
b e  a d d e d  o n t o  u x  a n d  u 
c o n s t a n t  C i s  f o u n d  t o  b e  
so  a s  t o  s a t i s f y  e q u a t i o n  ( 1 1 ) .  T h e  
Y 
- 9 -  
I t  i s  c l e a r  t h a t  t h e  t w o  f o r e g o i n g  r e s u l t s  may be s u p e r -  
posed t o  r e n d e r  t h e  comple te  s o l u t i o n  t o  t h e  problem of a n  ex- 
t e r n a l  e l l i p t i c a l  c r a c k  s h e a r e d  i n  i t s  own p l ane  a long  any 
g iven  d i r e c t i o n .  
CRACK-EXTENSION F O R C E  
T o  compute t h e  s t r a i n - e n e r g y  change f o r  a small  opening 
of t h e  c r a c k  boundary o r  t h e  f o r c e  t e n d i n g  t o  cause  c r a c k  ex-  
t e n s i o n ,  i t  i s  p e r t i n e n t  t o  o b t a i n  a s y m p t o t i c  expans ions  of  
t h e  a p p r o p r i a t e  s t r e s s  components about  t h e  c rack  b o r d e r .  In  
t h i s  way, t h e  c r a c k  s t r e s s - f i e l d  pa rame te r s  k ( j = 1 , 2 , 3 )  can 
be de t e rmined  and t h e  c r a c k - e x t e n s i o n  f o r c e s  G ( j = 1 , 2 , 3 )  can 
then  be f o u n d  f r o m  t h e  r e l a t i o n s h i p s  
j 
j 
7 
where E i s  Young's modulus of e l a s t i c i t y .  
The p a r a m e t e r s  k commonly k n o w n  as  t h e  s t r e s s - i n t e n s i t y  
j y  
f a c t o r s ,  can be e v a l u a t e d  from t h e  fo rmulas  
k l  = l im  fi ( a  
8=0 r+o  
7 K a s s i r  and S i h  [ Z ]  have shown t h a t  t h e  combined s t a t e  o f  p l a n e  
s t r a i n  a n d  of a n t i - p l a n e  deformat ion  always p r e v a i l  n e a r  t h e  
b o r d e r  o f  a n  embedded c r a c k  under a r b i t r a r y  l o a d i n g s .  
-1  0-  
b 
. 
= l i m  42-F ( a t z )  
r + o  e = o  k 3  
The s h e a r  s t r e s s e s  a n z  a n d  a t z  a c t  i n  t h e  d i r e c t i o n s  n o r m a l  a n d  
t a n g e n t  t o  t h e  e l l i p s e  x 2 / a 2  + y 2 / b 2  = 1 a n d  t h e y  c a n  b e  a s s o -  
c i a t e d  w i t h  t h e  r e c t a n g u l a r  componen ts  a X Z  a n d  IS 
t h e  f o l l o w i n g  t r a n s f o r m a t i o n s  [ 2 ]  
b y  means o f  
Y Z  
- 1 / 2  c o s  + aa s i n  + ) ( a 2 s i n 2 $  + b 2 c o s 2 $ )  
nz = ( b o x z  Y Z  
U 
- 1 / 2  - ( -  a a x z  s i n  + ba c o s  $ ) ( a 2 s i n 2 +  + b 2 c o s 2 $ )  
Y Z  t z  
(J 
M o r e  p r e c i s e l y ,  t h e  s e t  o f  axes  n ,  t ,  and  z a r e  a l w a y s  s i t u a t e d  
a l o n g  t h e  b i n o r m a l  , t a n g e n t ,  and p r i n c i p a l  n o r m a l  o f  t h e  c r a c k  
b o u n d a r y ,  r e s p e c t i v e l y .  The a n g l e  $ i s  r e f e r e n c e d  f r o m  t h e  
m a j o r  a x i s  o f  t h e  e l l i p s e  as  i l l u s t r a t e d  i n  F i g u r e s  1 a n d  2 .  
I n  e q u a t i o n  ( 2 1 ) ,  t h e  r a d i a l  d i s t a n c e  r i s  m e a s u r e d  f r o m  t h e  
c r a c k  f r o n t  i n  t h e  n z - p l a n e  and t h e  a n g l e  e f r o m  t h e  e l l i p t i c a l  
r e g i o n  c .  
I n  v i e w  o f  e q u a t i o n  ( Z l ) ,  t h e  e v a l u a t i o n  o f  k r e q u i r e s  
j 
a n d  u Z z  b e c a u s e  t h e  n o n -  t z  o n l y  t h e  ( l / f i )  - t e r m s  o f  an,, u 
s i n g u l a r  t e r m s  v a n i s h  i n  t h e  l i m i t  as  r -f 0 .  T h e s e  s i n g u l a r  
t e r m s  c a n  b e  f o u n d  f r o m  a k n o w l e d g e  o f  t h e  l i m i t i n g  f o r m s  o f  
- 1 1 -  
- 1 1 2  
5 = 2 a b r  ( s i n  f i ) 2  ( a 2 s i n 2 $  t b 2 c o s 2 $ )  2 
- 1 1 2  
n = - 2 a b r  ( c o s  $ ) 2  ( a 2 s i n 2 +  + b 2 c o s 2 $ )  
5 = - ( a 2 s i n 2 $  + b 2 c o s 2 + )  
( a )  O p e n i n g  Mode 
W i t h  t h e  a i d  o f  e q u a t i o n  ( 2 3 ) ,  e q u a t i o n  ( 9 )  may b e  
i n s e r t e d  i n t o  e q u a t i o n  ( 7 )  t o  o b t a i n  
- 1 1 4  1 
- ( a 2 s i n 2 $  + b 2 c o s 2 + )  - + O ( r o )  ( 2 4 )  
e = o  2 l ~ m  47-F (4 
From e q u a t i o n  ( 2 1 ) ,  t h e  s t r e s s - i n t e n s i t y  f a c t o r  kl f o r  t h e  
o p e n i n g  mode i s  found ’ :  
- 1 1 4  
( a 2 s i n 2 $  + b 2 c o s 2 $ )  
F o r  a c i r c u l a r  c o n n e c t i o n ,  a = b y  a n d  e q u a t i o n  ( 2 5 )  s i m p l i f i e s  
t o  
8 F o r  d e t a i l s ,  r e f e r  t o  t h e  p a p e r  b y  K a s s i r  a n d  S i h  [ Z ] ,  e q u a -  
t i o n  ( 5 5 ) .  T h e i r  d e f i n i t i o n  o f  t h e  a n g l e  8 i s  e q u a l  t o  T 
m i n u s  t h a t  g i v e n  i n  e q u a t i . o n  ( 2 3 ) .  
’ T h i s  r e s u l t  was s i m p l y  s t a t e d  b y  Westmann [ 5 ]  w i t h o u t  a n y  d e -  
t a i l e d  d e r i v a t i o n s .  
- 1  2 -  
- P 
2na 3/2 k l  - 
The v a r i a t i o n s  of k l  i n  equa t ion  ( 2 5 )  w i th  t h e  a n g l e  4 f o r  
d i f f e r e n t  v a l u e s  of a / b  a r e  p l o t t e d  i n  F igu re  1 .  
a t t a i n s  i t s  maximum v a l u e  a t  4 = 0 ,  T ,  where t h e  c r a c k  boundary 
i n t e r s e c t s  t h e  major  a x i s  of the  e l l i p s e .  Based o n  t h e  n o t i o n  
of b r i t t l e  f r a c t u r e  t h e o r y ,  i f  t h e  t e n s i o n  P i s  s u f f i c i e n t l y  
Note t h a t  k l  
l a r g e ,  t h e  e l l i p t i c a l  b o n d  should s p r e a d  inward a n d  t end  t o  
produce  a c i r c u l a r  b o n d  of r a d i u s  b .  Any f u r t h e r  c r a c k  propaga-  
t i o n  w i l l  r educe  t h e  r a d i u s  of  t h e  c i r c u l a r  b o n d  t o  t h e  p o i n t  
of comple te  s e p a r a t i o n  of t h e  s o l i d  i n t o  t w o  h a l f - s p a c e s .  
This  i s  c o n t r a r y  t o  the  s i t u a t i o n  of a n  i n t e r n a l  e l l i p -  
I t  was shown by I rwin  [ 6 ]  t h a t  t h e  m a x i m u m  k l -  t i c a l  c r a c k .  
v a l u e  o c c u r s  a t  4 = f ~ / 2 .  Hence, a n  i n t e r n a l  e l l i p t i c a l  c r a c k  
w i l l  p r o p a g a t e  outward i n t o  the  s o l i d  a n d  t end  t o  produce a 
penny-shaped c r a c k  of r a d i u s  a ,  t h e  major  s e m i a x i s  of t h e  e l -  
l i p s e .  A g r a p h i c a l  r e p r e s e n t a t i o n  of  I r w i n ' s  r e s u l t  i s  g iven  
by K a s s i r  a n d  S i h  [ 2 ] .  
- 
From t h e  r e s u l t s  of  t h e  e l l i p t i c a l  c r a c k  a n d  b o n d  p r o b -  
l ems ,  e s t i m a t e s  can be made f o r  s t r e s s - i n t e n s i t y  f a c t o r  f o r  
q u i t e  a r b i t r a r y  c r a c k - f r o n t  c o n t o u r s  i n  s o l i d s  under t e n s i l e  
1 o a d s .  
S h e a r i n g  And Tear ing  Modes 
The k . - f a c t o r s  ( j = 2 , 3 )  f o r  an e l l i p t i c a l  connec t ion  
J 
s h e a r e d  a long  t h e  major a x i s  can be computed by t h e  same p r o -  
-13-  
c e d u r e .  The r e s u l t s  o f  combining e q u a t i o n s  ( 1 4 ) ,  ( 1 5 ) ,  ( 2 2 ) ,  
a n d  ( 2 3 )  a r e  
- 3 /4  1 
= E cos ( a 2 s i n 2 $  t b 2 c o s 2 $ )  - + o ( r o )  
4 5  n z  2n 
U 
- 3 / 4  1 
- - & s i n  ( a 2 s i n 2 +  + b 2 c o s 2 $ )  - + o ( r o )  
47-7 ti! 
0 
f r o m  which k ( j = 2 , 3 )  i n  equa t ion  ( 2 1 )  can be deduced:  
j 
- 314 
k 3  = - e ZIT s i n  4 ( a 2 s i n 2 +  + b 2 c o s 2 $ )  
I f  a = b y  e q u a t i o n  ( 2 7 )  reduces  t o  t h e  k - v a l u e s  of  a penny- 
shaped c o n n e c t i o n  g iven  by 
j 
Q cos  $ - Q s i n  $ 
2ra  312 
- -  - 
2na 3/2 ' k 3  k 2  - 
F i g u r e s  2 and 3 show t h e  r e s u l t s  o f  k 2  a n d  k 3  i n  e q u a t i o n  ( 2 7 )  
i n  t h e  form of  c u r v e s .  
a s  t h e  a n g l e  + i s  i n c r e a s e d  from 0"  t o  9 0 "  a t  which k 2  v a n i s h e s .  
O n  t h e  o t h e r  h a n d ,  s i n c e  a s t a t e  o f  pure  s h e a r i n g  p r e v a i l s  a t  
$ = O " ,  k 3  = 0 .  A t  o t h e r  p o i n t s  o f  t h e  c r a c k  b o r d e r ,  both k 2  
and k 3  a r e  p r e s e n t .  
b r i t t l e  f r a c t u r e  i s  n o t  known a s  a p r i o r i .  F o r  t h i s  r e a s o n ,  
I t  i s  seen  t h a t  k 2  d e c r e a s e s  i n  magni tude  
However, t h e i r  combined e f f e c t  l e a d i n g  t o  
-1 4 -  
. 
.. 
t h e  s h a p e  i n t o  w h i c h  t h e  e l l i p t i c a l  b o n d  w o u l d  s p r e a d  u n d e r  
t h e  a c t i o n  o f  s h e a r  c a n  o n l y  b e  d e t e r m i n e d  e x p e r i m e n t a l l y  b y  
a s s u m i n g  t h a t  t h e  f u n c t i o n  
r e a c h e s  c e r t a i n  c r i t i c a l  v a l u e  a t  t h e  o n s e t  o f  c r a c k  p r o p a g a t i o n .  
When t h e  e l l i p t i c a l  bond i s  s h e a r e d  a l o n g  t h e  m i n o r  
a x i s  w i t h  r e s u l t a n t  f o r c e  R,  t h e  same p r o c e d u r e s  may b e  e m p l o y e d  
t o  f i n d  t h e  s t r e s s - i n t e n s i t y  f a c t o r s  
- 314  
- !!- E s i n  4 ( a 2 s i n 2 $  + b 2 c o s 2 $ )  
k 2  2lT 
- 3 / 4  
- !- c o s  4 ( a 2 s i n 2 4  + b 2 c o s 2 $ )  k 3  2a 
E q u a t i o n  ( 2 8 )  i s  s t r i c t l y  a n a l o g o u s  t o  e q u a t i o n  ( 2 7 )  and  t h u s  
n o  s e p a r a t e  comment i s  r e q u j r e d .  
REFERENCES 
1. G r e e n ,  A .  E .  a n d  Sneddon,  I .  N . ,  " T h e  D i s t r i b u t i o n  o f  
S t r e s s  i n  t h e  N e i g h b o r h o o d  o f  a F l a t  E l l i p t i c a l  C r a c k  i n  
a n  E l a s t i c  S o l i d " ,  P r o c .  C a m b r i d g e  P h i l .  S O C . ,  V o l .  46 ,  
p p .  1 5 9 - 1 6 4 ,  ( 1 9 5 0 ) .  
2. K a s s i r ,  M .  K. and  S i h ,  G .  C . ,  " T h r e e - D i m e n s i o n a l  S t r e s s  
D i s t r i b u t i o n  A r o u n d  an E l l i p t i c a l  C r a c k  U n d e r  A r b i t r a r y  
L o a d i n g s " ,  J .  A p p l .  Mech. V o l .  33 ,  p p .  6 0 1 - 6 1 1 ,  ( 1 9 6 6 ) .  
- 15-  
3 .  K a s s i r ,  M .  K .  a n d  S i h ,  G .  C . ,  " G e o m e t r i c  D i s c o n t i n u i t i e s  i n  
E l a s t o s t a t i c s " ,  J .  Math .  Mech. Vol .  1 6 ,  p p .  9 2 7 - 9 4 8 ,  ( 1 9 6 7 ) .  
4 .  K a s s i r ,  M .  K .  a n d  S i h ,  G .  C . ,  "Some T h r e e - D i m e n s i o n a l  I n c l u -  
s i o n  P r o b l e m s  i n  E l a s t i c i t y " ,  I n t .  J .  Engng.  S c i .  ( i n  P r e s s ) .  
5 .  Westmann,  R .  A . ,  "Note on E s t i m a t i n g  C r i t i c a l  S t r e s s  f o r  
I r r e g u l a r l y - S h a p e d - P l a n a r  C r a c k s " ,  I n t .  J .  F r a c t u r e  Mech. 
V o l .  2 ,  p p .  5 6 1 - 5 6 3 ,  ( 1 9 6 6 ) .  
6 .  I r w i n ,  G .  R . ,  " C r a c k - E x t e n s i o n  F o r c e  f o r  a P a r t - T h r o u g h  
C r a c k  i n  a P l a t e " ,  J .  A p p l .  Mech. V o l .  2 9 ,  p p .  6 5 1 - 6 5 4 ,  
( 1 9 6 2 ) .  
TITLE O F  FIGURES 
F igure  1 - S t r e s s - I n t e n s i t y  F a c t o r  F o r  O p e n i n g  Mode. 
F i g u r e  2 - S t r e s s - I n t e n s i t y  F a c t o r  F o r  S h e a r i n g  Mode. 
F i g u r e  3 - S t r e s s - I n t e n s i t y  F a c t o r  F o r  T e a r i n g  Mode. 
-1 6 -  
. 
2.0 
I .o 
0 30° 45O 
ANGLE 4 
60" 75O goo 
3.0 
2.5 
2.0 
1.5 
i .o 
4 
0 15O 30' 45O 
ANGLE + 
6oo 75O goo 
3 .O 
2.0 
I .o 
30' 45O 
ANGLE + 
60° 75O 9 oo 
